We describe the 2-category of quantum categories.
2 Monoidal comonads 2.1 Let B be a bicategory. We will write as if the associativity and unitivity isomorphisms were identities, technically regarding B as a 2-category.
Recall [11] , [1] that a comonad in B is a pair (B, g) where B is an object of B and g is a comonoid in the homcategory B(B, B). So, a comonad consists of an object B of B a morphism g : B → B and 2-cells δ : g ⇒ gg, ǫ : g ⇒ 1 g , called the comultiplication and counit of the comonad, satisfying the coassociativity and the counit axioms. Sometimes, referring to a comonad (B, g) we say that g is a comonad on B.
A morphism (k, κ) : (B, g) → (A, g ′ ) between comonads (B, g) and (A, g ′ ) consists of a morphism k : B → A in B and a 2-cell κ : kg ⇒ g ′ k in B satisfying the two conditions: B is said (essentially from [11] ) to admit the Eilenberg-Moore construction for comonads if the inclusion B → ComndB, taking an object B to (B, 1) has a right biadjoint ComndB → B. The value of this right adjoint at (B, g) is denoted by B g and called an Eilenberg-Moore object of (B, g). There is a pseudonatural equivalence B(X, B g ) ≃ Comnd((X, 1), (B, g))
The objects of the right hand side are called g-coalgebras. Taking X = B g and evaluating at the identity, we obtain a universal g-coalgebra (u, γ) : (B g , 1) → (B, g). A comonad map k : (B, g) → (A, g ′ ) induces a mapk : B g → A g ′ between EilenbergMoore objects, and there is an isomorphism
Moreover, there is a correspondence between comonad structures on a map k : B → A in B and the squares of the above form, which precisely can be expressed through an equivalence between suitable categories.
2.2
Let B be a monoidal bicategory [3] . Again we write as if the constraint equivalences were identities, technically regarding B as a Gray monoid. A monoidale (also called "pseudomonoid" or "monoidal object" in the literature) E in B consists of an object E, morphisms p : E ⊗ E → E and j : I → E called the multiplication and the unit respectively, and invertible 2-cells α : p(p ⊗ 1 E ) ⇒ p(1 E ⊗ p), λ : p(j ⊗ 1 E ) ⇒ 1 E and ρ : p(1 E ⊗ j) ⇒ 1 E satisfying two axioms.
A monoidal morphism (f, φ 2 , φ 0 ) : E → D between monoidales E and D consists of a morphism f : E → D and 2-cells φ 2 : p(f ⊗ f ) ⇒ f p, φ 0 : j ⇒ f j satisfying three axioms.
The composite of monoidal morphisms (f, φ 2 , φ 0 ) : E → D and (f ′ , φ 2 , φ 0 ) : D → F is defined to be (f ′ f, φ 2 , φ 0 ) : E → F , where φ 2 and φ 0 are defined as pasting composites A monoidal morphism is called strong when the structure maps φ 2 and φ 0 are isomorphisms.
Monoidales in B, monoidal morphisms between them and obvious 2-cells form a bicategory MonB. We have a biequivalence
satisfying two axioms.
If (E, g) and (D, g ′ ) are monoidal comonads, (h, σ) is an opmorphism of monoidal comonads and (l, τ ) is a comonad map, then the left coaction (3) is said to respects comonad structure if the following equality between pasting composites holds We will work with a monoidal bicategory C = ComodV considered in [2] . Objects of C are the comonoids
is the category of Eilenberg-Moore coalgebras for the comonad C ⊗ − ⊗ D : V → V. Thus, a 1-cell in C with the domain C and the codomain D is a comodule from C to D (also called a C − D bimodule). Recall that this consists of an object M of V and a coaction map δ : M → C ⊗ M ⊗ D satisfing two axioms. We will write C 1 G G D for arrows in C, and we will frequently for convenience say that M is a
An object of C(C, I) is called a left C-comodule, and an object of C(I, C) is called a right C-comodule. A comodule M : C 1 G G D becomes a left C-comodule and a right D-comodule via coactions
The maps δ l and δ r are called left and right coactions on M . Suppose that M is a left C-comodule and N is a right D-comodule. A tensor product M ⊗ C N over C is defined as a (coreflexive) equalizer:
If M is a comodule E 1 G G C and N is a comodule D 1 G G F , then using the fact that the functor E ⊗ − ⊗ F preserves coreflexive equalizers, M ⊗ C N becomes a comodule
Any comonoid C is a comodule from itself to itself via the coaction
The identity for an object C of C is defined to be the comodule C : C 1 G G C. As it is a convention to name such bicategories after arrows, ComodV is called the bicategory of comodules. For more on the theory of comodules we refer the reader to [12] .
3.2 Each comonoid morphism f : C → D determines an adjoint pair in C:
The counit of the adjunction
While the unit 
In particular, we have comodules ǫ * :
reconfirm the fact that M is a left C-comodule and a right D-comodule by (4).
3.3
The tensor product of comonoids C = (C, δ, ǫ) and C ′ = (C ′ , δ ′ , ǫ ′ ) is C ⊗ C ′ with comultiplication and counit:
The monoidal unit of C is I, which is a comonoid in an obvious way. On morphisms, the tensor product of comodules M :
Here and below a morphism named c subscripted with a permutation is an isomorphism coming from the braiding. We often encounter comodules going between comonoids which are tensor products, like M :
Note for the record that such an M is inherently a left C i -comodule and a right D i -comodule for 1 ≤ i ≤ n and 1 ≤ i ≤ m. Conversely, given left C i -comodule and right D i comodules structures compatible in a certain way, M becomes a comodule M :
This enables us to describe a comodule by just giving left and right coactions. For comodules M, N : 3.4 C is an autonomous monoidal bicategory. The dual of a comonoid C = (C, δ, ǫ) is the comonoid with the opposite comultiplication C o = (C, cδ, ǫ). Unit and counit are comodules e : C o ⊗ C 1 G G I and n : I 1 G G C ⊗ C o , both of which are C as objects of V and the coactions on them are respectively
3.5
The comonoid C o ⊗ C is a monoidale in C in the canonical way explained in 2.5. So the multiplication P = 1 ⊗ e ⊗ 1 and the unit J = n. Still more explicitly, the multiplication
By duality there is an equivalence
Through this equivalence objects M , N of C(I, C o ⊗ C) can be also regarded as objects of C(C, C). There is a canonical isomorphism
which in fact exhibits (5) as a monoidal equivalence, where the monoidal stucture on the left-hand side is induced by the pseudomonoid structure on C o ⊗ C and that on the right-hand-side is composition − ⊗ C − in C.
Maps
So that, for any n ≥ 0 we have a 2-cell:
3.7 There is an isomorphism
The composition comodule
is C ⊗ N with left and right coactions
The left coactions on C ⊗ N by the second and the third terms of C o ⊗ C ⊗ C o ⊗ C both are the cofree coaction in the following sense. A cofree C-comodule is one of the form C ⊗ N with coaction given by the left comultiplication
The basic property of a cofree comodule is that any comodule map β : M ⇒ C ⊗ N to a cofree comodule is uniquely determined by its corestriction to N , by which is meant the map α = (ǫ ⊗ 1)β : M → N in V. Specifically, β can be recovered from α as
can be factored as
commute. Moreover, the 2-cell β is uniquely determined by α.
Proof. On the level of arrows in V, the 2-cell β as in the condition of the lemma is a map M → C ⊗ N , and the pasting composite (7) equals to (ǫ ⊗ 1)β : M → N . Let α = (ǫ ⊗ 1)β. Taking into account that β is a comodule map, from the observations made before this lemma, it follows that β is determined by α and should equal to either of the two compositions in (8); in addition (9) must commute as it expresses that β respects left coactions by the first and fourth terms of
for some α if and only if the diagram
commutes. Moreover, the 2-cell β is uniquely determined by α.
Proof. The 2-cell β 0 , which is a map C → C⊗ C o ⊗C N , is induced by some β ′ : C → C⊗N satisfying
where δ 1 l and δ 2 r are respectively
Let α be the pasting composite (10) . The diagram
can be seen to commute. The top path here is nothing but α. So we have
Thus (12) becomes (9) . We infer that β ′ induces a 2-cell β such that the pasting composite (10) is α if and only if β ′ is equal to either of the two composites in (9).
Lemma 4. For any n, the function defined on the set of 2-cells
with values in
Proof. For n = 0 and n = 2 the lemma follows from Lemma 2 and 3. The same holds for n > 2.
Comonads in the bicategory of comodules
We will use the lower case Greek letters ǫ and δ for counits and comultiplications of both comonads in C and the comonoids. Although these are not the same, below it will become clear that such notation is not confusing.
Let E be a comonoid. We have an equivalence of categories, between comonads on E in C and comonoid morphisms with codomain E. The object part of this equivalence is described as follows.
Suppose that ǫ : G → E is a comonoid morphism, then the adjuntion
Conversely, suppose that G is a comonad on E. This means that G has a coaction G → E ⊗ G ⊗ E and there are morphisms δ : G → G ⊗ E G and G → E in C(E, E). But then G itself becomes a comonoid with comultiplication and the counit
In fact, the comonoid G constructed in this way from a comonad (E, G) in C is the Eilenberg-Moore object of that comonad with the universal G-coalgebra
Hence we have Proposition 5. C admits the comonad Eilenberg-Moore construction.
It follows from Proposition 1 that MonC also admits the comonad Eilenberg-Moore construction. To state clearly, given a monoidal comonad G on a monoidale E in C, G itself becomes a monoidale in C, while ǫ : G → E becomes a comonoid morphism with ǫ * : G 1 G G E a strong monoidal morphism. The correspondence described above lifts to a correspondence between monoidal comonads on the monoidale E and monoidales G in C together with a comonoid morphism G → E such that ǫ * : G 1 G G E is a strong monoidal morphism.
5 Quantum Categories
By Section 4, a quantum graph amounts to comonoids C, A and a comonoid map ǫ : A → C o ⊗ C. The latter itself amounts to comonoid maps s : A → C o and t : A → C satisfying the condition
Then the map ǫ can be expressed in terms of s and t as
The left and right C o ⊗ C-coactions on A are
C is called the "object of objects" for the quantum graph. A is called the "object of arrows". The maps s and t are called the source and the target maps respectively.
A quantum category (A, C) in V is a comonoid C together with a monoidal comonad
A on the standard monoidale C o ⊗ C. So, a quantum category consists of an underlying quantum graph and 2-cells
in C, both of which are comonad maps and make A into a monoidal comonad.
4.3
Our next goal is to unpackage the above definition, in a way to make it resemble definitions of bialgebroid in the literature ( [8] , [16] etc.)
Suppose that A :
In other words (A, C) is a quantum graph. Let s and t be the target and the source maps. Consider the comodule
As an object of V it is (A⊗A)⊗ (C o ⊗C⊗C o ⊗C) P , which can be identified with H = A⊗ C A as explained in 3.7. Explicitly H is an equalizer
By Lemma 2 and Lemma 3, giving 2-cells µ 2 and µ 0 of the form (14) is equivalent to giving maps ν 2 and ν 0 in C(I, C o ⊗ C) satisfying some condition. Then, ν 2 and ν 0 are equal to the pasting composites
We can drop condition (17) since here it automatically follows from ν 0 being a right
Lemma 6. The 2-cells µ 2 and µ 0 define a monoidal structure on A :
Proof. The if part is straightforward: the composite of the monoidal morphisms (A, µ 2 , µ 0 ) and (ǫ * , ξ 2 , ξ 0 ) is the monoidal morphism (A•ǫ * , ν 2 , ν 0 ). The only if part is a consequence of Lemma 4.
There is a unique map γ l making
There is a unique map δ r making
A, the composition of which with the canonical injection
Lemma 7. The 2-cell µ 2 is a comonad morphism if and only if the following diagrams commute
Proof. The map µ 2 is a comonad morphism if the following equalities between pasting composites hold.
By Lemma 4 these equalities are equivalent to the following equalities obtained by suitably pasting the 2-cell (6) (for n = 2) to the above pasting diagrams
It should be clear how to translate these equalities into commutative diagrams. The first of them translates to (18). The second translates to
In the diagram
the left square commutes since ν 2 is a right C o ⊗ C-comodule map and the right square commutes given (19). After a little calculation it can be seen that the circumference of this diagram is exactly (20).
Observe here that the commutativity of (18) and (19) imply (16) . Let γ r : C → C ⊗ A be the common value of the two compositions in (17). The composite of µ 0 :
Lemma 8. The 2-cell µ 0 is a comonad morphism if and only if the following diagrams commute 
The first of these translates to the commutativity of (21). The second translates to
the left square commutes since ν 0 is a right C o ⊗ C-comodule map, and the right square commutes given (22). The circumference of this diagram is exactly (23).
4.4
Using the equivalence (5), maps ν 0 and ν 2 in C(I, C o ⊗ C) can be regarded as maps in C(C, C). Moreover, ν 0 and ν 2 define a monoidal morphism structure on A • ǫ * if and only if (A, ν 2 , ν 0 ) is a monoid in C(C, C) . Therefore, a quantum category (A, C) defines a monoid in C(C, C).
4.5
Assembling the facts established above we infer: Given a quantum graph (A, C), a quantum category structure on it amounts to maps ν 2 : H → A and ν 0 : C → A such that (A, ν 2 , ν 0 ) is a monoid C(C, C) and diagrams (15), (18), (19), (21) and (22) commute.
4.6
By Section 4, giving a quantum category structure on a quantum graph (A, C) is same as giving a monoidale structure on A, such that ǫ : A → C o ⊗C is strong monoidal. This can be taken for yet another definition of a quantum category (compare [4] ).
The multiplication A⊗A 1 G G A for the monoidale A is H with left and right coactions nothing but the maps γ l : H → A ⊗ A ⊗ H and γ r : H → H ⊗ A defined above. The unit C 1 G G A is C with the right coaction the map γ r : C → C ⊗ A defined above. Furthermore, A is an Eilenberg-Moore object of the comonad A :
6 The 2-category of quantum categories 5.1 Let α and β be the unit and the counit of the adjunction f * o ⊣ f o * as in 3.2. They are maps in C(C o , C o ). By the equivalence between homcategories, from the unit α we get a map α : e −→ e • (f * o ⊗ f * ) in C(C ⊗ C o , I) (homonymously named in V it actually is the same map). Similarly from the counit β we get a map
There is an opmonoidal structure on f * o ⊗ f * :
Similarly g * o ⊗ g * acts from the right on f * o ⊗ g * with coaction a 2-cell λ r .
A map of quantum graphs (
consists of a morphism of comonoids f : C → C ′ and a 2-cell
such that (f * o ⊗ f * , σ) is a comonad map. The latter amounts to a comonoid map
commute.
5.3
We will define a quantum functor. In fact we will give three equivalent formulations, one in terms of each of the three definition of a quantum category given in section 4. The notion includes the notion of a weak morphism of bialgebroids of [13] . A functor (f, σ) : (C, A) → (C ′ , A ′ ) between quantum categories (A, C) and (A ′ , C ′ ) consists of a comonoid morphism f : C → C ′ and a comonad map (24) such that the 2-cell σ is a square. Since f * o ⊗ f * has a right adjoint f o * ⊗ f * this is equivalent to saying that the mateσ :
is an opmorphism of monoidal comonads.
A functor between quantum categories amounts to comonoid morphisms f : C → C ′ and ϕ : A → A ′ satisfying (25) and
Here taking tensor product of A with itself over C, A is regarded as an object of C(C, C) with left and right coactions
As observed in 2.3 an opmorphism of monoidal comonads is determined by an opmonoidal morphism between the Eilenberg-Moore objects. This leads us to another equivalent definition: A quantum functor (f, σ) : (A, C) → (A, C) is a map of underlying quantum graphs such that ϕ * :
By application of the functor MonComod(I, −) : MonComod → MonCat we get an opmonoidal functor between categories of right A-comodules.
such that both the left coaction of f * o ⊗ f * on f * o ⊗ g * and the right coaction of g * o ⊗ g * on f * o ⊗g * respect comonad structure. This means that the following equalities between pasting composites should hold. 
W y y y y y y f * 0 ⊗g * | | y y y y y y 7 QCat as a functor 7.1 A coreflexive-equalizer-preserving braided strong-monoidal functor V → W defines a 2-functor between the 2-categories of quantum categories qCatV → qCatW. Thus qCat can be viewed as a functor from the category of braided monoidal categories (satisfying the condition at the beginning of Section 3) and braided strong monoidal functors to the category of 2-categories. This functor preserves finite products since we have isomorphisms qCat(V × W) ∼ = qCatV × qCatW qCat(1) ∼ = 1 Here 1 stands for the one object monoidal category.
7.2
When V is a symmetric monoidal category, then the functors − ⊗ − : V × V → V, I : (·) → V are symmetric monoidal. From them we obtain functors − ⊗ − : qCatV × qCatV → qCatV I : 1 → qCatV defining a monoidal structure on qCatV.
7.3
There is a functor Set → V, taking a set S to the S-fold coproduct S · I of the monoidal unit, provided these exist. With certain distributivity law statisfied, this functor is strong monoidal. Any reflexive equalizer in Set is split, and thus preserved by any functor. We have qCatSet = Cat. This fact is not discussd here since it was explained in details in [4] . So we get a functor:
To wit any category determines a quantum category in any (sufficiently good) monoidal category.
7.4
Suppose that V has small coproducts, and assume that each functor X +− preserves coreflexive equalizers. For any finite set S let S · V stand for the S-fold coproduct of an object V of V. There is a coreflexive equalizer preserving braided strong monoidal functor − · − : Set f × V → V. The preservation of coreflexive equalizeres is due to Lemma 0.17 in [5] . We have qCatSet f = Cat f . We obtain a functor
The value of this functor at (K, (A, C)) is the cotensor product of a quantum category (A, C) with a finite category K (i.e. category with finite sets of objects and arrows) in the sence of enriched category theory (see [6] ). Formally we can conclude: Theorem 9. If V has coproducts, then the two category qCatV admits cotensor products with finite categories.
